ON SPIRALS.

“ ARCHIMEDES to Dositheus greeting.

Of most of the theorems which I sent to Conon, and of
which you ask me from time to time to send you the proofs, the
demonstrations are already before you in the books brought to
you by Heracleides ; and some more are also contained in that
which T now send you. Do not be surprised at my taking a
considerable time before publishing these proofs. This has
been owing to my desire to cominunicate them first to persons
engaged in mathematical studies and anxious to investigate
them. In fact, how many theorems in geometry which have
seemed at first impracticable are in time successfully worked out!
Now Conon died before he had sufficient time to investigate
the theorems referred to; otherwise he would have discovered
and made manifest all these things, and would have enriched
geometry by many other discoveries besides. For I know well
that it was no common ability that he brought to bear on
mathematics, and that his industry was extraordinary. But,
though many years have elapsed since Conon’s death, I do not
find that any one of the problems has been stirred by a single
person. I wish now to put them in review one by one,
particularly as it happens that there are two included among
them which are impossible of realisation* [and which may
serve as a warning] how those who claim to discover every-
thing but produce no proofs of the same may be confuted as
having actually pretended to discover the impossible.

* Heiberg reads ré\os §¢ moBesbueva, but F has rédous, so that the true reading
is perhaps réhovs 8¢ moTidebueve. The meaning appears to be simply ¢ wrong.’
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What are the problems I mean, and what are those of which
you have already received the proofs, and those of which the
proofs are contained in this book respectively, I think it proper
to specify. The first of the problems was, Given a sphere, to find
a plane area equal to the surface of the sphere; and this was
first made manifest on the publication of the book concerning the
sphere, for, when it is once proved that the surface of any sphere
1s four times the greatest circle in the sphere, it is clear that it
1s possible to find a plane area equal to the surface of the sphere.
The second was, Given a cone or a cylinder, to find a sphere
equal to the cone or cylinder; the third, To cut a given sphere
by a plane so that the segments of it have to one another an
assigned ratio ; the fourth, To cut a given sphere by a plane so
that the segments of the surface have to one another an assigned
ratio; the fifth, To make a given segment of a sphere similar to
a given segment of a sphere*; the sixth, Given two segments of
either the same or different spheres, to find a segment of a sphere
which shall be similar to one of the segments and have its
surface equal to the surface of the other segment. The seventh
was, From a given sphere to cut off a segment by a plane so
that the segment hears to the cone which has the same base as
the segment and equal height an assigned ratio greater than
that of three to two. Of all the propositions just enumerated
Heracleides brought you the proofs. The proposition stated
next after these was wrong, viz. that, if a sphere be cut by a
plane into unequal parts, the greater segment will have to the
less the duplicate ratio of that which the greater surface has to
the less. That this is wrong is obvious by what I sent you
before ; for it included this proposition: If a sphere be cut into
unequal parts by a plane at right angles to any diameter in the
sphere, the greater segment of the surface will have to the less
the same ratio as the greater segment of the diameter has
to the less, while the greater segment of the sphere has to the
less a ratio less than the duplicate ratio of that which the

¥ 70 Jofev Tudua opalpas 1@ SobérTe Tudpar cpalpas duadoar, i.e, to make a
segment of & sphere similar to one given segment and equal in content to
another given segment. [Cf. On the Sphere and Cylinder, 11, 5.]
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greater surface has to the less, but greater than the sesqui-
alterate* of that ratio. The last of the problems was also wrong,
viz. that, if the diameter of any sphere be cut so that the square
on the greater segment is triple of the square on the lesser
segment, and if through the point thus arrived at a plane be
drawn at right angles to the diameter and cutting the sphere,
the figure in such a form as is the greater segment of the sphere
18 the greatest of all the segments which have an equal surface.
That this is wrong is also clear from the theorems which I
before sent you. For it was there proved that the hemisphere
is the greatest of all the segments of a sphere bounded by an
equal surface.

After these theorems the following were propounded con-
cerning the conet. If a section of a right-angled cone [a
parabola], in which the diameter [axis] remains fixed, be made to
revolve so that the diameter [axis] is the axis [of revolution],
let the fignre described by the section of the right-angled cone
be called a conoid. And if a plane touch the conoidal figure
and another plane drawn parallel to the tangent plane cut off
a segment of the conoid, let the base of the segment cut off be
defined as the cutting plane, and the vertex as the point in which
the other plane touches the conoid. Now, if the said figure be
cut by a plane at right angles to the axis, it is clear that the
section will be a circle; but it needs to be proved that the
segment cut off will be half as large again as the cone which has
the same base as the segment and equal height. And if two
segments be cut off from the conoid by planes drawn in any
manner, it is clear that the sections will be sections of scute-
angled cones [ellipses] if the cutting planes be not at right
angles to the axis; but it needs to be proved that the
segments will bear to one another the ratio of the squares on
the lines drawn from their vertices parallel to the axis to meet
the cutting planes. The proofs of these propositions are not
yet sent to you.

After these came the following propositions about the spiral,

- * (Adyor) pelfora % Hubhioy Tob, oy Exer k.T.\., Le. a ratio greater than (the
ratio of the surfaces) 3. See On the Sphere and Cylinder, 11. 8.
+ This should be presumably ¢ the conoid,’ not ¢ the cone.’



154 ARCHIMEDES

which are as it were another sort of problem having nothing
in common with the foregoing; and I have written out the
proofs of them for you in this book. They are as follows. If a
straight line of which one extremity remains fixed .be made to
revolve at a uniform rate in a plane until it returns to the
position from which it started, and if, at the same time as the
straight line revolves, a point move at a uniform rate along the
straight line, starting from the fixed extremity, the point will
describe a spiral in the plane. I say then that the area
bounded by the spiral and the straight line which has returned
to the position from which it started is a third part of the circle
described with the fixed point as centre and with radius the
length traversed by the point along the straight line during the
one revolution. And, if a straight line touch the spiral at the
extreme end of the spiral, and another straight line be drawn at
right angles to the line which has revolved and resumed its
position from the fixed extremity of it, so as to meet the
tangent, I say that the straight line so drawn to meet it 1s
equal to the circumference of the circle. Again, if the revolving
line and the point moving along it make several revolutions
and return to the position from which the straight line started,
I say that the area added by the spiral in the third revolution
will be double of that added in the second, that in the fourth
three times, that in the fifth four times, and generally the areas
added in the later revolutions will be multiples of that added in
the second revolution according to the successive numbers,
while the area bounded by the spiral in the first revolution is 2
sixth part of that added in the second revolution. Also, if on
the spiral described in one revolution two points be taken and
straight lines be drawn joining them to the fixed extremity of
the revolving line, and 1f’ two circles be drawn with the fixed
point as centre and radii the lines drawn to the fixed extremity
of the straight line, and the shorter of the two lines be produced,
I say that (1) the area bounded by the circumference of the
greater circle in the direction of (the part of) the spiral included
between the straight lines, the spiral (itself) and the produced
straight line will bear to (2) the area bounded by the circum-
ference of the lesser circle, the same (part of the) spiral and the
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straight line joining their extremities the ratio which (3) the
radius of the lesser circle together with two thirds of the excess
of the radius of the greater circle over the radius of the lesser
bears to (4) the radius of the lesser circle together with one
third of the said excess.

The proofs then of these theorems and others relating to the
spiral are given in the present book. Prefixed to them, after the
manner usual in other geometrical works, are the propositions
necessary to the proofs of them. And here oo, as in the books
previously published, I assume the following lemma, that, if
there be (two) unequal lines or (two) unequal areas, the excess
by which the greater exceeds the less can, by being [continually]
added to itself, be made to exceed any given magnitude among
those which are comparable with [it and with] one another.”

Proposition 1.

If a point move at a uniform rate along any line, and two
lengths be taken on it, they will be proportional to the times of
describing them.

Two unequal lengths are taken on a straight line, and two
lengths on another straight line representing the times; and
they are proved to be proportional by taking equimultiples of
each length and the corresponding time after the manner of
Eucl. V. Def. 5.

Proposition 2.

If each of two points on different lines respectively move along
them each at o uniform rate, and if lengths be taken, one on each
line, forming pasrs, such that each pair are described in equal
times, the lengths will be proportionals.

This is proved at once by equating the ratio of the lengths
taken on one line to that of the times of description, which
must also be equal to the ratio of the lengths taken on the other
line.
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Proposition 3.

Given any number of circles, it s possible to find a straight
line greater than the sum of all thewr circumferences.

For we have only to describe polygons about each and then
take a straight line equal to the sum of the perimeters of the

polygons.

Proposition 4.

Given two unequal lines, viz. a straight line and the circum-
Ference of a circle, it is possible to find a strazght line less than
the greater of the two lines and greater than the less.

For, by the Lemma, the excess can, by being added a sufficient
number of times to itself, be made to exceed the lesser line.

Thus e.g., if ¢ >1 (where c is the circumference of the circle
and 7 the length' of the straight line), we can find a number n

such that
n(c—=0>1.

Therefore c—1{>—,

and c>l+£>l.
n

Hence we have only to divide I into n equal parts and add
one of them to I. The resulting line will satisfy the condition.

Proposition 5.

Given a circle with centre O, and the tangent to it at a pownt
A, it is possible to draw from O straight line OPF, meeting the
circle in P and the tangent in F, such that, if c be the crrcum-
ference of any given circle whatever,

FP:0OP < (arc AP) : c.

Take a straight line, as D, greater than the circumference c.
[Prop. 3]
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Through O draw OH parallel to the given tangent, and
draw through 4 a line APH, meeting the circle in P and OH

A F

D

in H, such that the portion PH intercepted between the circle
and the line OH may be equal to D*. Join OP and produce
it to meet the tangent in 7.

Then FP : OP = AP : PH, by parallels,
=AP:D
< (arc AP) :c.

Proposition 6.

Given a circle with centre O, a chord AB less than the
diameter, and OM the perpendicular on AB from O, it vs possible
to draw a straight line OF P, meeting the chord AB in F and the

circle in P, such that
FP:PB=D:FE,

where D : E s any giwven ratio less than BM : MO.
Draw OH parallel to AB, and BT perpendicular to BO
meeting OH in T.
Then the triangles BMO, OBT are similar, and therefore
BM : MO =0B: BT,
whence D:E<OB:BT

* This eonstruction, which is assumed without any explanation as to how it
is to be effected, is described in the original Greek thus: *let PH be placed
(xelobw) equal to D, verging (vevovoa) towards 4.”” This is the usual phraseology
used in the type of problem known by the name of veiious.
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